
	
	
	 		
	
	

Unit 2 Toolkit: Derivatives 

2A:	The	Derivative	and	the	Tangent	Problem	(2.1)	
When	we	take	the	limit	of	the	function	we	just	found,	we	get	the	slope	of	
the	tangent	line	at	the	point	7𝑥, 𝑓(𝑥)<.		This	slope	function	is	called	the	
derivative	function	of	𝑓(𝑥).		We	call	the	function	𝑓′(𝑥),	which	is	read	“F	
prime	of	x”.			

	Rates	of	Change	

An	important	interpretation	of	the	derivative	
is	the	“rate	of	change”.		There	are	many	
applications	in	which	the	rate	of	change	is	
needed,	so	we	have	two	very	similar	formulas	
that	we	need	to	be	familiar	with.	

Average	Rate	of	Change	
Using	2	points	7𝑎, 𝑓(𝑎)<, 𝑎𝑛𝑑	7𝑏, 𝑓(𝑏)<	

Instantaneous	rate	of	change	
Using	1	point	(𝑐, 𝑓(𝑐))	

The	following	are	the	equivalent:	
• Slope	of	the	secant	line	
• 𝜟𝒙

𝜟𝒚
= 𝒇(𝒃)(𝒇(𝒂)

𝒃(𝒂
	

• Average	rate	of	change	on	the	interval	
[𝑎, 𝑏]	

The	following	are	the	equivalent:	
• Slope	of	the	tangent	line	
• *+

*,
= lim

-→/
0(12-)(0(1)

-
	

• Instantaneous	rate	of	change	at	𝑥 = 𝑐	

	

When	finding	the	derivative	at	a	certain	value	of	𝑥 = 𝑐,	use	this	definition	

Is	it	Differentiable?	
Finally,	we	need	to	decide	if	a	function	is	even	differentiable	at	all	points	on	an	interval.		The	key	is	that	a	
function	must	have	a	smooth	graph	on	the	interval	(𝑎, 𝑏)	to	be	differentiable	on	the	interval.			

𝒔𝒉𝒂𝒓𝒑	𝒑𝒐𝒊𝒏𝒕 = 𝒏𝒐𝒕	𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒃𝒍𝒆	

	

The	Limit	Definition	of	the	Derivative	of	a	Function		
If	𝑓(𝑥)	is	a	differentiable	function,	it’s	derivative	
function	is	defined	as		

𝑓3(𝑥) = lim
-→/

𝑓(𝑥 + ℎ) − 𝑓(𝑥)
ℎ

	

Key	things	to	remember/memorize	

• If	𝑓(𝑥)	is	differentiable	at	x	= 	𝑐,	then	f(𝑥)	must	be	continuous	at	𝑥	 = 	𝑐.	 	
• The	converse	of	the	statement	above	[if	𝑓(𝑥)	is	continuous	at	x	= 	𝑐,	then	it	is	differentiable	at	c]	

is	not	always	true.	See	the	example	above.	 	
• However,	the	contrapositive	is	true:	if	𝑓(𝑥)	is	not	continuous	at	𝑥	 = 	𝑐,	then	𝑓(𝑥)	is	not	

differentiable	at	𝑥	 = 	𝑐.	 	



2B:	Basic	Differentiation	Rules	and	Rates	of	Change	(2.2) 
 

𝑫𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆	𝒐𝒇	𝒇(𝒄) ⇔ 𝑺𝒍𝒐𝒑𝒆	𝒐𝒇	𝒕𝒉𝒆	𝑻𝒂𝒏𝒈𝒆𝒏𝒕	𝑙𝑖𝑛𝑒	𝑎𝑡	𝑐 ⇔ 	𝑖𝑛𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠	𝑹𝒂𝒕𝒆	𝒐𝒇	𝑪𝒉𝒂𝒏𝒈𝒆	

Also,	remember	that	we	will	show	the	derivative	in	several	forms:	

𝑓3(𝑥) =
𝑑
𝑑𝑥
𝑓(𝑥) = 𝑦′ =

𝑑
𝑑𝑥
𝑦 =

𝑑𝑦
𝑑𝑥
	

 
Important Physical Derivative Relationships: 

 
	
2C:	Product	and	Quotient	Rules	and	Higher-Order	Derivatives	(2.3) 
 

Position  𝑠(𝑡) 

Velocity  𝑣(𝑡) = 𝑠′(𝑡) 

Acceleration  𝑎(𝑡) = 𝑣!(𝑡) = 𝑠′′(𝑡) 

General	Rule	1:	The	Constant	Rule	

The	derivative	of	a	constant	function	is	0.	If	c	
is	a	real	number,	then		

𝑑
𝑑𝑥
[𝑐] = 0	

General	Rule	2:	The	Constant	Rule	

For	any	constant	𝑐,	if	𝑓	and	𝑐𝑓	are	
differentiable,	then		

𝑑
𝑑𝑥
𝑓(𝑐𝑥) = 𝑐	𝑓′(𝑥)	

General	Rule	3:	The	Sum	and	Difference	Rules	
For	any	differentiable	functions	𝑓	and	𝑔,	

𝑑
𝑑𝑥
[𝑓(𝑥) + 𝑔(𝑥)] = 𝑓3(𝑥) + 𝑔3(𝑥)	

𝑑
𝑑𝑥
[𝑓(𝑥) − 𝑔(𝑥)] = 𝑓3(𝑥) − 𝑔3(𝑥)	

Specific	Rule	2:	Derivatives	of	Sine	and	
Cosine	

𝑑
𝑑𝑥
sin 𝑥 = cos 𝑥 ,

𝑑
𝑑𝑥
cos 𝑥 = −sin 𝑥	

Specific	Rule	1:	The	Power	Rule	

If	𝑛	is	a	rational	number,	then	𝑓(𝑥) = 𝑥4 	is	
differentiable	and		

𝑑
𝑑𝑥
[𝑥4] = 𝑛𝑥4(5.	

For	𝑓	to	be	differentiable	at	𝑥 = 0,	𝑛	must	be	a	
number	such	that	𝑥4(5	is	defined	on	an	interval	
containing	𝑥 = 0.			

General	Rule	4:	Product	Rule	

If	𝑢	and	𝑣	are	differentiable	functions,	then	𝑢𝑣	is	a	differentiable	function	and		
𝑑
𝑑𝑥
[𝑢𝑣] = 𝑢!𝑣 + 𝑢𝑣′	

That	is,	the	derivative	of	a	product	is	equal	to			
"𝑇ℎ𝑒	𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒	𝑜𝑓	𝑡ℎ𝑒	1𝑠𝑡	𝑡𝑖𝑚𝑒𝑠	𝑡ℎ𝑒	2𝑛𝑑, 𝑝𝑙𝑢𝑠	𝑡ℎ𝑒	1𝑠𝑡	𝑡𝑖𝑚𝑒𝑠	𝑡ℎ𝑒	𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒	𝑜𝑓	𝑡ℎ



 
 
 
 
 
 
 
 
	
	
	
	
	
	
	
	
2D:	The	Chain	Rule	(2.4)	

 
 
The Big Idea: 
To find the derivative of a composite function 
𝑓V𝑔(𝑥)Z, take: 

𝑓! = 𝑑𝑒𝑟𝑖𝑣. 𝑜𝑓	𝑡ℎ𝑒	𝑜𝑢𝑡𝑠𝑖𝑑𝑒 ⋅ 𝑑𝑒𝑟𝑖𝑣. 𝑜𝑓	𝑖𝑛𝑠𝑖𝑑𝑒 
 
	

General	Rule	5:	Quotient	Rule	

If	𝑢	and	𝑣	are	differential	functions,	so	is	�6
7
�
3
,	and		

�
𝑢
𝑣
�
3
=
𝑢3𝑣 − 𝑢𝑣3

𝑣8
	

That	is,	the	derivative	of	a	quotient	is	equal	to			

"𝑇ℎ𝑒	𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒	𝑜𝑓	𝑡ℎ𝑒	𝑡𝑜𝑝	𝑡𝑖𝑚𝑒𝑠	𝑡ℎ𝑒	𝑏𝑜𝑡𝑜𝑚,𝑚𝑖𝑛𝑢𝑠	𝑡𝑖𝑚𝑒𝑠	𝑡ℎ𝑒	𝑡𝑜𝑝	𝑡ℎ𝑒	𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒	𝑜𝑓	𝑡ℎ𝑒	𝑏𝑜𝑡𝑡𝑜𝑚,	
𝑎𝑙𝑙	𝑜𝑣𝑒𝑟	𝑡ℎ𝑒	𝑏𝑜𝑡𝑡𝑜𝑚	𝑠𝑞𝑢𝑎𝑟𝑒𝑑. "		

	Higher	Derivatives	

	

General	Rule	6:	The	Chain	Rule	

If	𝑓(𝑢)	is	a	differentiable	function	of	𝑢	and	
𝑢 = 𝑔(𝑥)	is	a	differentiable	function	of	𝑥,	then		
𝑦 = 𝑓7𝑔(𝑥)<	is	differentiable,	and	‘	

𝑑𝑦
𝑑𝑥

=
𝑑𝑦
𝑑𝑢

⋅
𝑑𝑢
𝑑𝑥
	

Specific	Rule	3:	Derivatives	of	Other	Trig	Functions	

𝑑
𝑑𝑥
tan 𝑥 = sec8 𝑥 ,

𝑑
𝑑𝑥
cot 𝑥 = −sec8 𝑥 ,

d
dx
sec𝑥 = sec 𝑥 ⋅ tan 𝑥 ,

d
dx
csc 𝑥 = −csc 𝑥 ⋅ cot 𝑥	



2E:	Implicit	Differentiation	(2.5)	
	
Just	remember,	when	using	implicit	differentiation	that	𝑦	is	
just	a	function	of	𝑥	so	we	need	to	use	the	chain	rule.		
However,	since	we	don’t	really	know	what	𝑦	is	equal	to,	we	
end	up	with	a	𝑦′	or	*+

*,
	after	differentiating.		

2F:	Derivatives	of	Logarithms	and	Exponentials	(5.1,	5.4)	
	

 

	
	
2G:	Derivatives	of	trigonometric	Functions	(5.6)	
 

 
  

Secific	Rule	4:	Derivative	of	Natural	Logarithms	

𝑑
𝑑𝑥
[ln 𝑥] =

1
𝑥
,

𝑑
𝑑𝑢

[ln 𝑢] =
𝑢3

𝑢
	

Specific	Rule	5:	Derivatives	of	General	Logarithms	

	 For	any	integer	base	𝑎 > 0,	

𝒅
𝒅𝒙

[log: 𝒙] =
𝑑
𝑑𝑥
�
ln 𝑥
ln 𝑎

� =
𝑥

𝑥 ln 	𝑎
	

Specific	Rule	6:	Derivative	of	𝒆𝒙	

𝑑
𝑑𝑥
[𝑒,] = 𝑒,,

𝑑
𝑑𝑥
[𝑒6] = 𝑢′𝑒^𝑢	

Steps	for	Logarithmic	Differentiation:	

1. Take	the	natural	log	of	both	sides		
2. Find	the	derivative	of	both	sides	(Implicitly)	
3. Solve	for	*+

*,
	by	multiplying	by	𝑦	and	

substitute	original	function.	

Specific	Rule	7:	Derivative	of	Inverse	Trigonometric	Function.	

Let	𝑢	be	a	differentiable	function	of	𝑥.	

𝑑
𝑑𝑥
[arcsin 𝑢] =

𝑢3

√1 − 𝑢8
	

𝑑
𝑑𝑥
[arccos 𝑢] =

−𝑢3

√1 − 𝑢8
	

𝑑
𝑑𝑥
[arctan𝑢] =

𝑢3

1 + 𝑢8
	

𝑑
𝑑𝑥
[arccot 𝑢] =

−𝑢3

1 + 𝑢8
	

𝑑
𝑑𝑥
[arcsec 𝑢] =

𝑢3

|𝑢|√𝑢8 − 1
	

𝑑
𝑑𝑥
[arccsc 𝑢] = 	

−𝑢3

|𝑢|√𝑢8 − 1
	

	

Steps	for	Implicit	Differentiation:		

1. Take	 *
*,
	of	both	sides	of	the	

equation.	
2. Evaluate	using	the	derivative	rules	
3. Solve	for	*+

*,
.	



Here is a nice summary of all the Special Differentiation rules 

 
 
 
 
	

Review of Basic Differentiation Rules
In the 1600s, Europe was ushered into the scientific age by such great thinkers as
Descartes, Galileo, Huygens, Newton, and Kepler. These men believed that nature is
governed by basic laws—laws that can, for the most part, be written in terms of
mathematical equations. One of the most influential publications of this period—
Dialogue on the Great World Systems, by Galileo Galilei—has become a classic
description of modern scientific thought.

As mathematics has developed during the past few hundred years, a small num-
ber of elementary functions have proven sufficient for modeling most* phenomena in
physics, chemistry, biology, engineering, economics, and a variety of other fields. An
elementary function is a function from the following list or one that can be formed
as the sum, product, quotient, or composition of functions in the list.

Polynomial functions Logarithmic functions

Rational functions Exponential functions

Functions involving radicals Trigonometric functions

Inverse trigonometric functions

With the differentiation rules introduced so far in the text, you can differentiate any
elementary function. For convenience, these differentiation rules are summarized
below.

Transcendental FunctionsAlgebraic Functions

378 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions
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BASIC DIFFERENTIATION RULES FOR ELEMENTARY FUNCTIONS

1. 2. 3.

4. 5. 6.

7. 8. 9.

10. 11. 12.

13. 14. 15.

16. 17. 18.

19. 20. 21.

22. 23. 24.
d
dx

!arccsc u" !
"u#

#u#$u2 " 1
d
dx

!arcsec u" !
u#

#u#$u2 " 1
d
dx

!arccot u" !
"u#

1 $ u2

d
dx

!arctan u" !
u#

1 $ u2

d
dx

!arccos u" !
"u#

$1 " u2

d
dx

!arcsin u" !
u#

$1 " u2

d
dx

!csc u" ! "%csc u cot u&u#
d
dx

!sec u" ! %sec u tan u&u#
d
dx

!cot u" ! "%csc2 u&u#

d
dx

!tan u" ! %sec2 u&u#
d
dx

!cos u" ! "%sin u&u#
d
dx

!sin u" ! %cos u&u#

d
dx

!au" ! %ln a&auu#
d
dx

!loga u" !
u#

%ln a&u
d
dx

!eu" ! eu u#

d
dx

!ln u" !
u#
u

d
dx

!#u#" !
u

#u# %u#&,  u % 0
d
dx

!x" ! 1

d
dx

!un" ! nun"1u#
d
dx

!c" ! 0
d
dx '

u
v( !

vu# " uv#
v2

d
dx

!uv" ! uv# $ vu#
d
dx

!u ± v" ! u# ± v#
d
dx

!cu" ! cu#

GALILEO GALILEI (1564–1642)

Galileo’s approach to science departed from
the accepted Aristotelian view that nature
had describable qualities, such as “fluidity”
and “potentiality.” He chose to describe the
physical world in terms of measurable 
quantities, such as time, distance, force, 
and mass.

* Some important functions used in engineering and science (such as Bessel functions and
gamma functions) are not elementary functions.


